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Thermalizing two identical particles
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University of Oregon, Eugene, OR 97403
How do indistinguishable identical bosons manage to obey Bose-Einstein statistics—and hence be
correlated—even when they do not interact with each other? Part of the answer is that the bosons
have to interact indirectly with each other by interacting with the same environment. A joint
measurement interaction provides a good example. Thermalization occurs whenever there are two
competing processes, one diagonal in the energy basis (namely, reversible Hamiltonian evolution),
the other irreversible and diagonal in a complementary basis (for example, a measurement in a
spatially localized basis). Correlations arise only from initial states in which the bosons start in
different (orthogonal) states.
A. Question
Two identical indistinguishable bosons follow Bose-
Einstein (B-E) statistics. The difference between B-E
statistics and classical Maxwell-Boltzmann statistics lies
in how we count the number of states in which one bo-
son is in a specific state |n〉 and the other in a different
(orthogonal) specific state |n′〉 with n′ 6= n. For classi-
cal or non-identical particles there are two such states,
for indistinguishable identical bosons there is just one.
(The latter statement applies to indistinguishable identi-
cal fermions as well, but we first focus on bosons here.)
One consequence is that non-interacting classical par-
ticles are uncorrelated in thermal equilibrium, whereas
indistinguishable non-interacting bosons are correlated:
they “bunch,” with a larger probability to be found in
the same state. But how do non-interacting particles be-
come correlated?
B. Identical vs indistinguishable
Consider a single boson and suppose N different (or-
thogonal) quantum states are accessible to it. That is,
we assume that, given certain constraints (for example,
confinement to a finite volume and fixed values for en-
ergy and angular momentum) there is an N -dimensional
Hilbert subspace that contains all states satisfying those
constraints.
Now consider two identical bosons, i.e., bosons whose
intrinsic properties (like rest mass, charge, and spin) are
the same. For two non-interacting identical bosons the
two sets of accessible single-particle states may be the
same (when the bosons satisfy the same constraints)
or disjoint (when they satisfy mutually exclusive con-
straints, e.g., when they are located in different parts
of space). In the former case we call the bosons indistin-
guishable, in the latter case we call them distinguishable
[1]. And so “identical” and “indistinguishable” are dif-
ferent concepts (see, e.g., Refs. [2–4]).
The importance of identical particles having access to
the same set of states for quantum statistics to be rel-
evant, and the importance, therefore, of identical parti-
cles actually having the possibility to swap locations was
pointed out explicitly in [5]. Here and in the companion
paper [6] we add some more reasons to emphasize these
points.
C. Unitary evolution
Suppose for a single boson the time evolution over some
fixed time interval is unitary and determined by a unitary
matrix U with matrix elements Unm such that
|n〉 7→
∑
m
Unm |m〉 , (1)
where we have chosen an orthonormal basis {|n〉} for n =
1 . . .N for the accessible subspace. The sum ranges over
m = 1 . . .N .
If we start two identical non-interacting bosons in the
same state |n〉, then their joint state evolves as
|n〉1 |n〉2 7→
∑
m
Unm |m〉1 ⊗
∑
m′
Unm′ |m′〉2 . (2)
We labeled here the two single-particle Hilbert spaces by
‘1’ and ‘2’. These are mathematical labels for two Hilbert
spaces. (They are not physical labels that could be used
to distinguish the two particles [3, 4].)
We may rewrite the right-hand side of (2) as
|n〉1 |n〉2 7→
∑
m
U2nm |m〉1 |m〉2 +
∑
m<m′
√
2UnmUnm′
|m〉1 ⊗ |m′〉2 + |m′〉1 ⊗ |m〉2√
2
,
(3)
which shows the state is automatically properly sym-
metrized. The first line shows that the amplitude for
both bosons to end up in the same state |m〉 is
Tnn7→mm = (Unm)
2. (4)
The probability to end up in the same state |m〉 is, there-
fore, simply the product of the probabilities for each in-
dividual boson to end up in that state. That is, there
is no correlation here and this is not going to give us
an explanation for how non-interacting bosons become
correlated.
On the other hand, if the bosons start out in different
states, one in |n〉, the other in |n′〉 with n′ 6= n, the
transition amplitude for ending up in the same state |m〉
is
Tnn′ 7→mm =
√
2UnmUn′m. (5)
This is so because the initial state must be written in the
symmetrized form
|Ψ(0)〉 = |n〉1 ⊗ |n
′〉2 + |n′〉1 ⊗ |n〉2√
2
(6)
rather than simply as |n〉1⊗|n′〉2, which would be appro-
priate for distinct particles. Each term in the numerator
of (6) evolves into the same state UnmUn′m |m〉1 |m〉2,
thus yielding the result (5). We see that the amplitude
for the bosons to end up in the same state gets an extra
factor of
√
2 as compared to the result for two classical
(or non-identical) particles. This gives us the bunching
effect we expect for indistinguishable identical bosons:
the probability to end up in the same state is twice what
it would be for two classical particles.
All this is well-known, of course. The more general
statement that the probability for M indistinguishable
bosons to end up in the same state increases by a factor
of M ! as compared to the classical case can be found as
Eq. (4.21) in Volume III of Feynman’s lectures on physics.
It is important to note, however, that this statement ap-
plies only to bosons starting in M different (orthogonal)
states.
(For fermions we could phrase the conclusion in similar
terms: the probability to end up in the same state is zero
times what it would be for classical particles. This, of
course, is just the Pauli exclusion principle written in a
silly form. In this case the proviso that the fermions start
in different states isn’t needed.)
D. Hong-Ou-Mandel effect
To illustrate the results of the preceding subsection,
consider a simple example of two noninteracting bosons,
namely, two photons impinging on a 50/50 beamsplit-
ter (a device with 2 input ports and 2 output ports).
The results quoted below are derived using the second-
quantization formalism (which does not make use of the
unphysical labels ‘1’ and ‘2’) in the Appendix.
It turns out that if two photons enter the same input
port, the output contains with 50% probability one pho-
ton in each output port, and with 50% probability the
photons exit in the same output port. That is, the pho-
tons behave independently and each is randomly exiting
one of the two output ports, just as if they were classical
particles (in agreement with Eq. (4)).
If, on the other hand, each photon enters a different
input port, then we get the celebrated Hong-Ou-Mandel
effect [7]: both photons will emerge together in one out-
put port, and which port that is, is random. Now note
that the probability to bunch, 100%, is indeed simply
twice the probability of 50% to exit together if the pho-
tons were classical independent particles (in agreement
with Eq. (5)). So, the Hong-Ou-Mandel effect provides
one example of the simple general bunching rule for pairs
of bosons.
E. Towards thermal equilibrium
Just having photons interact with ideal 50/50 beam-
splitters won’t drive them to thermal equilibrium. Just
having two bosons undergo unitary evolution won’t do
that either. What is needed is an irreversible interaction
with the environment. For example, an interaction that
tends to make the density matrix of the two bosons diag-
onal in one particular basis that is “complementary” to
the energy eigenbasis—i.e., such that each basis state has
some overlap with every accessible energy eigenstate and
vice versa— will do. A spatially localized basis tends to
have that property. The combination of two competing
evolutions, one diagonal in the energy basis and the other
diagonal in a complementary basis, has just one possible
steady state within the space of fixed energy that is di-
agonal in both: the micro-canonical ensemble.
Note that we did indeed sneak in an irreversible in-
teraction in the earlier discussion in subsection C: the
“probability for two bosons to end up in the same state”
really refers to the probability of obtaining such a re-
sult in a joint measurement. It is the measurement that
is irreversible. It is also the mechanism by which the
two bosons interact with each other indirectly, namely by
both of them interacting with the same (measurement)
device. In addition, note that the statements made in
subsection C about particles ending up in the same state,
are actually basis-dependent (the statements are about
the basis {|n〉}).
It may be useful to see explicitly how combining evo-
lution from two types of initial states, one developing no
correlations at all, the other multiplying the probabil-
ity of bunching by a factor of 2, leads to just the right
statistics in equilibrium. Let us consider a very simple
case: pairs of photons impinging on a 50/50 beam splitter
and then undergoing a measurement that checks merely
whether the two photons are in the same output port
(we do not care which one) or in different output ports.
We keep track of only these two possibilities here. We
can then summarize the evolution due to one beamsplit-
ter/measurement interaction in terms of a 2 × 2 matrix
acting on a vector containing the two corresponding prob-
abilities as(
Psame
Pdiff
)
7−→
(
1/2 1
1/2 0
)(
Psame
Pdiff
)
. (7)
As is easily verified, this map has the correct (Bose-
Einstein) steady-state solution
(
Psame
Pdiff
)
steadystate
=
(
2/3
1/3
)
. (8)
How the correct steady state emerges can be seen by
iterating the map (7): for example, just 10 beamsplit-
ter/measurement interactions produce the evolution ma-
trix
(
1/2 1
1/2 0
)10
≈
(
0.667 0.666
0.333 0.334
)
, (9)
thus driving any initial probability distribution very close
to the thermal distribution (8) in just ten steps.
F. Conclusions
Correlations between identical particles arise only from
initial states in which they occupy different states. More-
over, non-interacting particles (i.e., particles that don’t
interact with each other) do need to interact with the
same environment in order to thermalize. Two different
types of evolution are needed for thermalization, one di-
agonal in the energy basis (Hamiltonian evolution, which
is always present), the other irreversible and diagonal in
a complementary basis (for example, a joint spatially lo-
calized measurement interaction).
We considered just two identical particles here. The
above conclusions about thermalization apply to more
than two particles as well. What does change notably
when going to more than two particles is that the pat-
terns of destructive interference between multiple paths
leading to the same final state [8] become much more
complex. The complexity of such interference effects for
indistinguishable bosons underlies the difficulty of simu-
lating boson sampling [9, 10] on a classical computer.
Appendix
The standard way to use the second quantization for-
malism [which does not make use of the (mathematical,
not physical) labels for single-particle Hilbert spaces that
were used in the main text] for deriving the Hong-Ou-
Mandel effect [7] starts by introducing two input modes
a and b (one for each input port of the beamsplitter) and
two output modes a′ and b′, which are described by cre-
ation and annihilation operators that satisfy the appro-
priate bosonic commutation relations. Denoting the two
input creation operators by aˆ+ and bˆ+ and the output
creation operators by aˆ′+ and bˆ′+ we have the following
general relations between input and output states.
An input state with N photons in input mode a and
M photons in input mode b is given by
|ψ〉in =
(aˆ+)N√
N !
(bˆ+)M√
M !
|vac〉, (10)
which is transformed by a beamsplitter with (real) trans-
mission and reflection amplitudes t and r to an output
state
|ψ〉out =
(aˆ′+)N√
N !
(bˆ′+)M√
M !
|vac〉, (11)
where
aˆ′+ = taˆ+ + irbˆ+,
bˆ′+ = tbˆ+ + iraˆ+. (12)
For N =M = 1 this yields the output state
|ψ〉out = aˆ′+bˆ′+|vac〉
= itr((aˆ+)2 + (bˆ+)2)|vac〉+ (t2 − r2)aˆ+bˆ+|vac〉
(13)
For a 50/50 beamsplitter we can set t = r = 1/
√
2, and
thus obtain the output state
|ψ〉out = i/2[(aˆ+)2 + (bˆ+)2]|vac〉, (14)
which displays the bunching effect discussed in Section
D. This bunching effect really arises from destructive in-
terference between the two paths leading to the alter-
native final state aˆ+bˆ+|vac〉. Note this destructive in-
terference phenomenon generalizes to larger numbers of
photons: if K photons enter each input port of the beam-
splitter (so that N = M = K in the above equations),
the output is
|ψ〉out =
(
i/2[(aˆ+)2 + (bˆ+)2]
)K
K!
|vac〉, (15)
in which all combinations containing odd numbers of pho-
tons in any mode have canceled out.
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